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Character Tables of Association Schemes of Affine Type 
WING MAN KWOK 
We define association schemes of affine type. These are the association schemes defined by 
the action of the semidirect products of finite classical groups and the underlying vector spaces 
on the same vector spaces. We show that the entries in the character tables of association 
schemes of affine type are expressed in terms of Gaussian periods. Furthermore, we show that 
the character tables of association schemes of affine type defined by higher-dimensional 
classical groups are controlled by the character tables of association schemes of affine type 
defined by a lower-dimensional classical group. 
1. INTRODUCTION 
Let Z = (X, {Ri}Osisd) b e a commutative association scheme with classes R;. Let 
A”, Al,. . . , Ad be the corresponding adjacency matrices. {Ai}D~i~d generates a 
semi-simple algebra & over the complex number field, called the Bose-Mesner 
algebra. Let {Ei}Osisd be the unique set of primitive idempotents in SB. {Ai},jGiG:d and 
{Ei}O~zi.+d are two bases of &. Write 
4 = i pi(j)&, for OsiCd. 
j=o 
The matrix P = (pi(j)), with pi(i) being the (i, i)-entry of P, is called the character 
table (or first eigenmatrix) of Z. In this paper, we consider the character tables of 
some symmetric (and therefore commutative) association schemes defined by certain 
clasical groups in the following manner. 
Let K be a finite field, K, be its algebraic extension of degree n, and GF(p) be its 
ground field, where p is a prime. Then i&I = IKl”. Let V = Vn(K) be the n- 
dimensional vector space over K. Suppose that G is a subgroup of the general linear 
group GL(n, K) such that --id is contained in G, where id is the identity element in 
GL(n, K). Then the semidirect product G . V acts on V naturally by 
X(m) = (x”) + v, VXEV, UVEG.V 
and the natural extension of this transitive action of G - V to the Cartesian product 
V x V defines an association scheme b(G, V), the classes Ai of which, 0 c i cd, are 
the orbits of the action of G - V on V X V. If (x, y) is an element in any one of the &‘s, 
then -id(x + y) E G * V maps (x, y) onto (y, x), where id is the identity in G. So 
A:= A;, for all i =O, . . . , d. Therefore %(G, V) is symmetric, and hence 
commutative. 
Denote the character table of this association scheme by P(G, V). We are mainly 
interested in the cases in which G is one of the general orthogonal groups O+(2m, K), 
O-(2m, K) or O(2m + 1, K). The association schemes %(G, V) defined by such groups 
are called association schemes of afine type. Our main purpose in this paper is to 
calculate the character tables P(G, V) of the association schemes of afine type. 
Before we do that, we shall first consider the character tables P(H, V) of the 
association schemes Z(H, V) with H to be certain cyclic subgroups of GL(n, K). It is 
well known that GL(n, K) contains a cyclic subgroup Z(n, K), called the Singer cyclic 
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group, which is of order [KI” - 1 and is isomorphic to K,*, the multiplicative group of 
K,,. In Section 2 we prove the following: 
THEOREM 1. Let H be a subgroup of Z(n, K) and V be the underlying vector space. 
Write IKI” - 1 = ef, where f is the order of H. Assume that f is even if char(K) # 2, so 
that -id is contained in H. Then the character tables P(H, V) of %(H, V) defined by 
such cyclic groups H are given by 
i 
1 f f *** f 
P(H, K) = 1 ~1 qz . . . qo , 
. . 
. . 
. . 
where rh, 0 s i s e - 1, are the Gaussian periods for the field K,, defined by 
with g,, being a primitive element of K,,, Tr being the trace of K, over the ground field 
CF(P), and 5 being a complex primitive pth root of unity. 
i’-i(made) 
O&‘<fKI”-1 
Let Y(n, K, e) denote the e x e submatrix rlo 771 *-* Q 1 
vi 112 .*- rlo 
in the above theorem. 
Now SO-(2, q) is isomorphic to the subgroup 
{x E GF(q’) ( ~GF~,~~cP&) = II= (g;-‘h 
of the Singer cyclic group Z(2, q), where NGFC4~j,cFC4J is the norm function of GF(q2) 
over GF(q), and g2 is a primitive element of GF(q2). 0(1, q) is cyclic of order two if q 
is odd and is the identity group if q is even, and hence 0( 1, q) is a subgroup of 
Z(1, q). Thus an immediate corollary of the above theorem is the following: 
COROLLARY 1. Let H be SO-(2, q) or 0(1, q) and let V be the corresponding 
underlying vector space. Then, up to a permutation of rows and columns, the character 
tables P(H, V) of the association schemes %‘(H, V) are given by 
lf -*. f 
where 
f=q+l, n=2, e=q-1 if H = SO-(2, q), 
f=2, n=l, e=(q-1)/2 if H = 0(1, q) and q is odd, 
f=l, n=l, e=q-1 if H = 0(1, q) and q is even. 
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(Notice that we write q, the order of K, in place of K in the above notations. We 
shall continue to use this convention whenever we need to emphasise the order of the 
field K.) 
Since the sizes of the non-trivial orbits of SO-(2, q) acting on V,(q) are all q + 1, 
which are the same as the sizes of the non-trivial orbits of O-(2, q) acting on V,(q) (see 
Section 3.1(i)), and because SO-(2, q) is a subgroup of O-(2, q), so 
Z(SO-(2, q), V*(q)) is the same as %‘(O-(2, q), V,(q)). Thus we have the following: 
COROLLARY 2. For any prime power q, the character table of aP(O-(2, q), V,(q)) is 
the same us that of %(SO-(2, q), &(q)). 
The character tables in the above two corollaries serve as the building blocks of the 
character tables of other association schemes of affine type because of the following: 
THEOREM 2. For any prime power q, the character tables P(O*(2m, q), V,,(q)) oj 
the ussociution schemes 3?(0*(2m, q), V&(q)), for m 3 1, are controlled by that of‘ 
%(0_(2, q), v,(q)), and the character tables P(O(2m + 1, q), V,+,(q)), m 2 1 of 
Z(O(2m + 1, q), V 2m+l(q)) ure controlled by thut of Z(O(1, q), V,(q)). More precisely, 
we have, for any q, 
P(O-(2m9 q), V,(q)) 
qti-I + qm-‘. . . q2”-’ + q”-’ 
4 m-1 * Y(2, q, q - 1) 7 
and 
4 m-1. . ‘4 
m-l 
P(O+‘(2m, q), V&q)) 
qh-l _ qm-I. . . q~-l _ q=l qh-l + cq _ I)~“--’ _ i 
IT-1 -q -1 
-9 m-’ * Y(2, q, q - 1) 
m-l -q -1 
-4 m--l . . ._ m-1 9 (q - l)q”_’ - 1 
If q is odd, then we have 
P(O(2m + 1, q), V,+,(q)) 
-1 q*“+qm...qh+qm q~+qm...q~_qm q*m_l- 
I qm-1 
! qm . Y(l, 4, (9 - 1)/2) 0 
1 = qm-1 
1 -qm-1 
0 -qm * Y(l, q, (4 - 1)/2) i 
I -qm - 1 
I 4 qm m... _qm . . . _qm -1 
form > 1, 
f orm31. 
formal, 
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and if q is even, then 
P(O(2m + 1, q), &m+,(q)) 
= 
i 1 . ..I 
1 
V(I, 4, q - 1) 
1 
1 
ly(l, 4, q - 1) 
1 
1 1 . . . 1 
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- 4 2m-1 9 2m-1 , . ‘4 h-l 
4 m-1 
km - 1). w, 4, 4 - 1) 
4 m-l 
-4 m-1 
-(q” + 1) * @J-v, 4, 4 - 1: 
-9 m-l 
-1 _I.. . -1 
I for m > 1. 
From Theorem 2 (proved in Section 3), we see that almost all of the entries in the 
character tables of the association schemes of affine type are expressed in terms of the 
Gaussian periods over a finite field. 
Before we conclude this introduction, we would like to make a remark about 
excluding the unitary groups and the sympletic groups from our study of character 
tables of association schemes of affine type. This is due to the fact that: 
(1) The unitary group cases are contained in the orthogonal group cases, because a 
hermitian form in n variables over GF(q2) can be considered as a quadratic form in 2n 
variables over GF(q). 
(2) A sympletic group acts transitively on the set of non-zero vectors of the underlying 
vector space, and hence it defines an association scheme of class 1 which is somewhat 
trivial. 
2. PROOF OF THEOREM 1 
The philosophy of the proof of Theorems 1 and 2 is the same as that in Bannai and 
Song [2]: that is, we first calculate the intersection matrices Bj, 0 c i s d, of the 
association schemes Z under consideration, then we make a guess of what would the 
character table P of ZZ’ be looked like, and finally we prove that Bi, 0 s i c d, together 
with P satisfy the hypothesis of Theorem 4.1 in Bannai and Ito [l], which shows that P 
is the character table of E. 
We now proceed to find the intersection matrices of the association schemes 
mentioned in Theorem 1. We show that the cyclotomic numbers and the Gaussian 
periods studied in number theory are, respectively, the intersection numbers and the 
entries of the character tables of such association schemes. 
First, we provide some definitions. 
DEF~NI~ON . Let q =pr be a power of any prime p. Write q - 1 = ef. Let g be a 
primitive element of GF(q). The cyclotomic numbers (i, & for the field GF(q) relative 
to e are defined by 
(i, j)= = number of ordered pairs (i’, j’) such that 
O<i’,j’<q-l,i’=i,j’=j(mode) 
and 1 + g’ = g”. 
If no confusion arises, we usually write (i, j) for (i, &. 
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DEFINITION. Let 6 be a primitive complex pth root of the unity. Then the Gaussian 
periods vi, 0 - t C ’ < e - 1, for the field GF(q) relative to e are defined by 
where Tr is the trace of GF(q) over GF(p). 
The cyclotomic numbers and the Gaussian periods are related by the following 
formula (see McEliece [5]): 
where 
1 ifp.=2 and I=0 
nl = 
orifp>2,f evenandI=O 
or if p > 2, f odd and I= e/2 
0 otherwise. 
We shall use the above formula to show that the Gaussian periods are the entries of the 
character tables of the association schemes in Theorem 1. 
Now we consider GF(q”) as a vector space of dimension n over GF(q). Let g,, be a 
primitive element of GF(q”). S ince Z(n, q) is isomorphic to GF(q”)*, without loss of 
generality, we may assume Z = Z(n, q) = (g,) and let Z act on the vertex space 
GF(q”) by field multiplication. Let H = (g’,) be a subgroup of Z, for some e dividing 
q” - 1. Write q” - 1 = ef. We assume that f is even if q is odd. H inherits the action 
on the vector space GF(q”) from Z, and the semidirect product H - GF(q”) defines a 
symmetric association scheme %‘(H, GF(q”)) because -1 is contained in H. (Notice 
that if both f and q are odd, then the association scheme defined is commutative but 
not symmetric, and (1) is still applicable in finding the character table of the 
corresponding association scheme.) 
S?(H, GF(q”)) is of class e with classes 
4 = ((0, r~) + (~9 x) ) v E h(O), x E GF(q”)), for Ocise > 
where 
A,(O) = (01, 
Ai = {gfe+(‘-‘) 10 s I =s f - I}, for 1 <ise. 
The Ai(O are also called cyclotomic cosets for the field GF(q”) and are the orbits 
of H acting on GF(q”). 
The valencies of %(H, GF(q”)) are 
ki = I 4(O)\ = (i ii i:q ~ e. 
To compute the intersection matrices S, = (St), 1 s i c e, of X(H, GF(q”)), we fix 
an element (0, gt-‘) in Ah, for each 1 s h c e. Then, for 1 =S i, j =s e, 
s$ = number of z such that z E Ai and gi-’ - z E A,(O) 
= number of ordered pairs (a, 6), 0 s a, b S f - 1 such that 
ae+(j-I)_ h-1 
gn 
=(j-i, h Ii”,: 
be+(i-I) 
-gn 
the cyclotomic numbers for the field GF(q”) relative to e. 
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So the intersection matrices Si = (s$), 1 s i G e, are given by 
Si = 
OlO.** 
0 s; = (j - i, h - i) 
f lcj,hce 
0 
o- 
for 1 =Zi<e. 
Now, using (1) and the $‘s, we have proved Theorem 1. 
3. PROOF OF THEOREM 2 
In this section, ‘association schemes’ always mean association schemes of affine 
type. 
We employ the same method of proof as we used in proving Theorem 1. Thus we 
need to find all the intersection matrices of the association schemes of affine type. 
In Section 3.1 we determine the classes of the association schemes. In Section 3.2 we 
describe the general way in which to calculate the intersection numbers of these 
association schemes, except for the case of O(2m + 1, q), q even, which is treated 
differently in Section 3.8. In Section 3.4, for odd q, we calculate the intersection 
numbers of %‘(O-(2, q), V*(q)) and then those of %(O-(2m, q), k&(q)), for m > 1. 
We do the same to %(0+(2m, q), V&(q)), f or odd q in 3.5. Intersection numbers of 
3?(0’(2m q), k(q)), for m 2 1 and q even, are given in Section 3.6. In Section 3.7, 
for odd q, the intersection numbers of X(0(1, q), V,(q)) are calculated and then 
those of %‘(0(2m + 1, q), Vti+l(q)), for m> 1. The case of X(O(2m + 1, q), 
V,+,(q)), q even, is handled in Section 3.8. Finally in Section 3.9, we describe how 
to verify that the matrices in Theorem 2 are the corresponding character tables for 
the case of 1(0*(2m, q), V,,(q)), q odd. The other cases are verified similarly. 
We shall give more details of the calculations in Sections 3.4, 3.5 and 3.8, and just 
give sufficient information in the other cases since the calculations are similar. 
3.1. Classes of Association Schemes of Afine Type 
Let G be 0+(2m, q), O-(2m, q), O(2m + 1, q), for any prime power q. There is a 
quadratic form on the underlying vector space associated with the group G. Let F be 
such a form. Let {Ai ( 0 pi 6dd) be the set of classes of Z(G, V), with Ac,= 
{(x,x) ( XE V} being the trivial class. Let Ai = {x E V 1 (0, x) E A,}, for all i = 
0 , d. Then the set {/ii(O)} 0 rrd is just the set of the orbits of G acting on V (note <’ 
that’ G is the stabilizer of 0 under the action of G . V on V), and k, = IA,(O)l, for all 
i=O . . f d are the valencies of B?(G, V). Furthermore, from the definition of the 
action of G * V, we can show that 
Ai = ((0, x) + (v, v) ) x E Ai( v E V}, for all 0 < i s d. 
So once we know the orbits /ii(O) of G acting on V, we can determine the classes and 
the valencies of the association scheme Z(G, V). 
Now using Witt’s Theorem (see Wall [9]), we prove that the orbits of G acting on V 
are as follows. 
(i) Let q be any prime power and w be a primitive element of GF(q). Let G be 
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0-(2m, q) or 0’(2m, q). Then the orbits of G acting on the underlying vector space 
V = V,(q) are 
AC@) = (01 
Ai = {X E V } F(X) = O’}, for lsi<q-1. 
A,(o)={xEV)F(x)=O,x#O}. 
REMARK. A,(O) is empty in the case of O-(2, q). 
(ii) Let q be an odd prime power and w be a primitive element of GF(q). Let G be 
O(2m + 1, q). Then the orbits of G acting on V = V,,+,(q) are 
MO) = PI 
A,(O) = {x E V 1 Q(x) = CD”}, for 1 C i S (q - 1)/2, 
A- ,+C4+~,iz(O) = {x E V 1 Q<x> = wz+l), for 0 s i s (q - 3)/2, 
A,(O) = {x E V 1 Q(x) = 0, x # O}. 
REMARK. A,(O), for (q + 3)/2 s i s q, are empty if G = 0(1, q). 
(iii) Let o be a primitive element of GF(2’). Let G = O(2m + 1,2’). Let V’ be the 
radical of V = V ,,+,(T) with respect to the quadratic form associated with G. Then V i 
is of dimension one and G acts on it identically. Let V = v I VL be the direct sum 
decomposition of V. Fix a basis {e, , e2, . . . , e&+,} of V, with {e, , . . . , eti} being a 
basis of v and {e2m+I} a basis of VI. Th en, with respect to the above basis, the orbits 
of O(2m + 1, 2’) acting on V are 
/b(O) = WI, 
Ai = {X E VL 1 X= (0, . . . ,O, x~+I) and xL+~ = w’}, for lCiaq-- 1. 
A,(O) = {x E V\V’ 1 F(x) = 0}, 
Aq+i(O) = {X E V\VL I F(X) = &Ii}, for lCiCq-1. 
REMARK. A,(O), for q s i s 2q - 1, are empty if G = O(1, 2’). 
3.2. Intersection Numbers of Association Schemes of A&e Type 
To describe how to calculate the intersection numbers p& 0~ i, j, h s d, of an 
association scheme of affine type % = Z’(G, V), with G f O(2m + 1, q), q even (see 
Section 3.8 for that case), let us suppose F to be the corresponding form associated 
with the group G. Let {A, I 0 s 1 s d} be the set of classes of S!?. Let {A,(O) ) 0 c I s d} 
be the corresponding orbits of G acting on V, as in Section 3.1. Assume i #O, for 
otherwise the intersection matrix (p&) is the identity matrix. They by definition, pt is 
the number of y such that (z, y) E Ai and (y, X) E A,, for a fixed pair (z, x) E A,. To 
calculate pi, we always choose z = 0 and fix an XE A,(O); that is, (0, x) E AH. For 
convenience we choose x with as many co-ordinates equal to zero as possible. Then pt. 
is the number of y E Ai(0) such that (y, X) E A,. But (y, X) E A, iff (0, x - y) E Al, that is 
X-YE Aj(O), SO 
p$ = number of y E /ii(O) such that x - y E /ii(O) 
F(Y) = a 1 F(x-y)=b ’
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where a and b depend on the i and j respectively, and N[. . A] denotes the number of 
solutions of the equations in the square bracket. 
Thus, from Section 3.1 and the above, the calculation of the valencies and the 
intersection numbers of the association scheme 28 is equivalent to finding the number 
of solutions of equations or simultaneous equations over finite fields. 
In the next subsection, we collect some results on the number of solutions of certain 
equations over finite fields, which will be used in calculating the valencies and the 
intersection numbers of the affine association schemes. Some of these results are well 
known and the others can be proved without much difficulty. 
3.3. Number of Solutions of Certain Equations over Finite Fields 
If there is no confusion, we sometimes denote the n-dimensional vector space over 
GF(q) by V,, or by GF(q)“, the product of n copies of GF(q). Thus an element x in 
V,(q) is also denoted by an n-tuple (xi, x2, . . . , n,). Using this notation, we have the 
following. 
(I) Let q be an odd prime power, b E GF(q), and let (Y be a fixed non-zero 
non-square in GF(q). Then 
N[x E V,(q) 1 2x1x2 +. . . + ~.x~-~x~ = b] 
qm-l(q” - 1) ifb#O 
= q” + qm-l(qm - 1) ( if b =0, (2) 
N[x E V,(q) 1 2x,x2 + . . . + 2x~_~2m_2 +x:,,_, - cx& = b] 
c 
qm-l(qm + 1) ifb#O = 
-qm + qm-I(q” + 1) if b = 0, (3) 
N[x E &n+,(q) [&1x2 + . . . + ~2m-42m +&n+~ = bl 
i 
4 
2m ifb=O 
= P+qm if b is a non-zero square (4) 
4 
2m 
-qm if b is a non-zero non-square. 
(II) Let q be an even prime power, b E GF(q), and let /3 be a fixed element in 
GF(q) such that the polynomial x2 + x + /3 is irreducible over GF(q). Then 
N[x E V,(q) 1 x1x2 + . . . + x~,,,_~x~ +x;,_, + /3xxf, = b] 
= 
1 
4 2m-1 + qm-’ ifb#O 
4 h-1 _ (q _ l)qm-l if b = 0, 
(5) 
N[x E V,,(q) 1 x1x2 + . * . + x~,,_~.x~ = b] 
I 
4 
zm-1 
-4 
m-1 ifb#O = 
q zm-l + (q - l)qm-1 if b = 0, 
(6) 
N[x E v,,+,(q) 1x1~2 + * * . + ~2m-1~zm +&n+, = bl 
= 2m 4 ) for all b E GF(q). (7) 
Using these equations, we have all the valencies of the association schemes of affine 
type. 
Afine-type association schemes 175 
3.4. G = O-(2m, q), q Odd 
The quadratic form associated with this group is 
Q(x)=~x,x,+.*. + 2Gm-3X&-2 +&?-I - &7%, vx E v,,. 
Case O-(2, q). We already know the character table of Z(O-(2, q), V,) from 
Section 1, Corollary 2, but in order to find the character table of 
%(0-(2m, q), VA, m > 2, and the character table of %(0’(2m, q), V,), m Z= 1, it 
will be more convenient to have an expression for the intersection numbers of the 
association scheme ZE(O-(2, q), V,). 
This association scheme is of class q - 1, with valencies 
ki = I 1 ifi=O q +4 if lGiGq-1. 
Let Ht, 0 6 i, j, h c q - 1, be the intersection numbers. To calculate ah,, 1 G i, j, h s 
q - I., choose x = (x1, x2) E V, such that x: - LYX$ = w”; that is, x E /i,,(O). Then 
Q(Y) = w’ 
Q(x - y) = d 1 y; -q7; = wi 
2x~y,-2x*qv*=w'-d+wh 1 
= N[y, 1 4awhy; - 4x&0’ - wi + oh)y, + 4x:0’ - (w’ - 0’ + wh)* = 0] 
= l - X(Dijh)r 
where II,, = (wi - 0’ + wh)* - 2*~‘+~, and x is the quadratic character of GF(q), with 
x(O) = 0. So we have 
~~j = ~jh, 
I;, * 6, ifh=O 
&$ = 6, ifj=O , forlGi<q-1. 
1- xcDijh) iflGj,hcq-1 
Case O-(2m, q), m S 2. The association scheme a”(O-(2m, q), V,,), m 3 2, is of 
class q with valencies 
1 ifi=O 
ki = q*m--l + qm-’ ifi<iGq-I 
4 h-1 - (q - l)q”-’ - 1 if i = q. 
Let a$, 0 s i, j, h c q, be the intersection numbers of this association scheme. We shall 
only give the calculation of a$, for 16 i, j, h c q - 1. The other intersection numbers 
can be derived by well known properties of commutative association schemes; namely, 
the intersection matrices have constant column sums and in the case in which it is 
symmetric, then 
To calculate a& for 1 G i, j, h S q - 1, choose x = (0, . . . , 0, x*~_~, x&) E V, such that 
X$_.,-ax,-w . *_ H Thus x E A,(O). 
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For lSi,jCq-1, 
Q(Y) = mi 
Q(x - y) = & 1 
2YlY2+ *. . + 2Y2m-3Y*m-2 +yL - (YYL = WE 
2x2m-*y*m__1 - 2Lxx,,y, = Wi - oi + Wh 1 
2YlY2+ *. . + 2Y2m-,Y*,-2 + YL - Lyy;, = wi 
2 2 y*m-l - ary, = 09 
2x*m_,y2m_i - 2ax,,y*, = cJi - wi + wh 1 
r 2YlY2+*** + 2Y*m-3Y*m-2 +YL-1 - (yy;, = W’ 
+N ye&, 
1 
y;,_,-c&,,,#ww’ 
2x2m-,y*m__I - 2cYX2my*m = w’- cu’+ Wh 
= t.Z;. N[2y1y2 + . . . + 2y2m_3y2m-2 = 0] 
+ (q - $) - NPYIY~ +. . . + ZY,-,Y,,-2 = 21, for some 2 # 0 
= Hi. [qh-3 + (q - l)q"-21 + (q - ti$) . [q2”-3 - q”-‘1 
= (4 
an-2 - q”-‘) + qm-lfi;., 
where 5: are the corresponding intersection numbers of S!?(O-(2, q), V,). 
In summary, we have 
Uf = ~jh; 
forlSi<q-1, 
ki * 6, 
6ih 
4 
a$= q2”-*-1 
i 
h-2 + &jq”-’ 
4 
2m-2 
-4 
m-l 
G? 
zm-2 - q”-1) + qm-’ .c;. 
4 
2m-2 
k, * sd 
6 
4 
h 
aqj= 4 
I 
qk 
2m-2 
2m-2 
-9 
m-1 
4 
Zm-2 
-4 
m-1 
4 
2m-2 -1 
4 *m-2 - (q - l)qm-’ _ 2 
3.5. G = 0+(2m, q) Odd 
ifh=O 
ifj=O 
ifh=q,l<jcq 
ifj=q,h=i 
ifj=q,lCh<q-l,h#i 
iflSj,hSq-1 
ifj=h=q, 
ifh=O 
ifj=O 
ifh=q,lsjcq-1 
ifj=q,lsh<q-1 
iflSj#hcq-1 
if l<j=hcq-1 
ifj=h=q. 
The quadratic form associated with this group is 
Q(x) =2x1x2 + . . . + 2xh_1~2m vx E v,. 
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Case O+(2, q). The association scheme %(0+(2, q), V,) is of class q with valencies 
ii= q-l 
{ 
1 ifi=O 
if lCi<q-1 
2q - 2 if i = 0. 
Let I$, 0 G i, j, h s q be the intersection numbers of this association scheme. To 
calculate 6;, 1 G i, j, h s q - 1, we choose x = (1, oh/2). Thus Q(x) = w”. Then 
Q(y) = w’ 
Q(x - y) = UJ 1 
2y, y2 = 0’ 
dy, + 2y2 = wi - CJ + CIIh I 
= N[ohy; - (co’ - cd + uh)y, + = 0] 
= 1 + x(Dijh), 
where nij~ is as defined in the previous subsection and x is again the extended 
quadratic character of GF(q). The other intersection numbers are derived from these 
numbers. Thus we have 
for lSiSq- 1, 
ifh=O 
ifj=O 
ifh=q 
ifj=q,l<h<q-I 
if l<j,hCq-1, 
‘~q ’ 6qj ifh=O 
6 qh ifj=O 
1 ifh=q,lcjsq-1 
2 ifj=q,l<haq-1 
2 - 26jh iflcj,h<q-1 
,q -2 ifj=h=q. 
Case 0+(2m, q), m 3 2. The association scheme %‘(0+(2m, q), V,), m a 2, is of 
class q with valencies 
1 if i=O 
k, = qh-’ _ q”-’ if lSi<q-I 
4 2m-1 + (q - l)q”-’ - 1 if i =q. 
Let hg, 0 < i, j, h s q, be the intersection numbers of this association scheme. Similar 
methods of calculating the intersection numbers a; of B?(O-(2m, q), V,,), m 2 2, can 
be applied to the calculation of bt also. We have 
bGj = dj,,; 
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for lcicq-1, 
ki . 6, 
6ih 
I 
h-2 4 - &jq”-’ 
b!p q2”-2-l 
4 2m-2 + qm- l 
(q 
2n-2 - q”-‘) + qm-1 . 6; 
q 
2m-2 
kq * 6d 
s 
qh 
4 
2m-2 
bij = 
I 
q2m-2 + q”-’ 
4 2m-2 + tr-’ 
2m-2 
4 -1 
ifh=O 
ifj=O 
ifh=q,lcjcq 
ifj=q,h=i 
ifj=q,lshsq-l,h#i 
ifl<j,hsq-1 
ifj=h=q, 
ifh=O 
ifj=O 
ifh=q,lcj<q--1 
ifj=q,lah<q-1 
iflcj#hcq-1 
iflcj=h<q-1 
b b-2 + cq _ ljqm-l _ 2 ifj=h=q, 
where 6: are the corresponding intersection numbers of %(0+(2, q), V,), q odd. 
3.6. G = 0*(2m, q), q Even 
Throughout this subsection, q = 2’ unless otherwise specified. As we have shown in 
the previous subsections, the calculations of the intersection numbers of 
~(O*(2m, q), v&, q odd, are reduced to finding the number of solutions of some 
quadratic equations over a finite fields. This is also true when q is even. The formula 
(proved in Carlitz [3]) which gives the number of solutions of a quadratic equation over 
a finite field of characteristic 2 is as follows: 
ifa#O 
ifa=O (8) 
where a, b E GF(2’), E is the additive character of GF(2’) defined by E(X) = (-l)Tr(x), 
Vx E GF(2’), and Tr is the trace of GF(2’) over GF(2). 
Using (8), we calculate the intersection numbers of the association schemes 
B’(O*(2m, q), V,), q even and prove Theorem 2 for this case. Since the proof is 
similar to the case when q is odd, we shall only give the valencies and the intersection 
numbers of these association schemes in the following. 
The quadratic form associated with the group O-(2m, q) is 
Q(x) =x1x2 +a . . +x~-~x~, VXE v,, 
where /3 is an arbitrary but fixed element in G&‘(q) such that the polynomial x2 + x + /3 
is irreducible over GF(q), while the quadratic form associated with the group 
0+(2m, q) is 
Q(x) =x1x2 + . . * + x~-~x~ + x;,,,+ + /3x&, vx E v,. 
Let w be a primitive element of GF(q) and write 
Kjh = d+‘(d + d + Wh)-*. 
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Case O-(2, q). The association scheme is of class q - 1 with valencies 
Ci = 
( 
1 if i=O 
q+l iflSiSq-1. 
The intersection numbers d$ are 
~~j = Sj~ ; 
for l<iiZq-1, 
Ri ’ 6, ifh=O 
G!$= & 
ifj=O 
1 if lSj,hSq-1 and w’+oi+~~=O 
l - &(Tjh) if iSj,kCq-1 and o’+wi+~~#O. 
Case O-(2m, q), m 2 2. The association scheme Z(O-(2m, q), V,), m s 2, is of 
class q with valencies 
ki = 
i 
1 ifi=O 
q2”-’ + q”-’ ifl<iSq-1 
4 h--1 - (q - l)q”-’ - 1 if i = q. 
The intersection numbers u; are 
a;j= bjh; 
for lc<iz;q-l, 
ifh=O 
if j=O 
ifh=q, l<jCq 
a;.= ifj=q,h=i 
ifj=q,lshsq-l,h#i 
2m-2 _ qm-l) + qm-1. gj iflSj,h<q-1 
if j=h =q, 
h 
aqj = 
kq * 6qj 
: 4 6qh 2m-2 n-2ha
ifh=O 
-9 
-1 4 m-1 
m-1 
ifj=O h=q,l<j<q-1 q,lahaq-1  lcj=h<q-1 
if lcjfhsq-1 
4 %--2 _ (q _ l)qm-l- 2 if j=h =q, 
where S$ is the corresponding intersection numbers of Z?(O-(2, q), V,). 
Case 0+(2, q). The association scheme X(0+(2, q), V,) is of class q with valencies 
ifi=O 
iflSiCq--1 
if i = q. 
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The intersection numbers 6; are 
for l<iGq-1, 
ki * 6, I ifh=O & ifj=O 
gi = 
1 - 6, ifh=q 
2 - 26, ifj=q,lShaq-1 
iflSj,hSq-lando’+o’+&=O 
if lsj,hSq-1 and o’+o’+oh#O, 
xq *6, ifh=O 
6 qh ifj=O 
1 ifh=q,l<jGq-1 
2 ifj=q,lchcq-1 
2 - 2~jh iflcj,hGq-1 
,q -2 ifj=h=q. 
Case 0+(2m, q), m 3 2. The association scheme %(0+(2m, q), V,), m a 2, is of 
class q with valencies 
{ 
1 if i=O 
hi = q2”-’ _ qm-’ if lSi6q-I 
4 %I_1 + (q - l)qm-’ - 1 if i = q. 
The intersection numbers !I; are 
forlsisq-1, 
b;= 
ifh=O 
ifj=O 
ifh=q, l<jcq 
ifj=q,h=i 
ifj=q,lSh<q-1,hfi 
h-2 _ qm-l) + qm-r . 6; ifl<j,h<q-1 
ifj=h=q, 
ic, * 6, ifh=O 
6 qh ifj=O 
4 2m-2 ifh=q,l<j<q-1 
b$= 4 2m-2 + qm-’ ifj=q,lch<q-1 
4 zm-2 + qm-’ if lcj#hsq-1 
4 2m-2 -1 iflcj=hcq-1 
.q 
2m-2 + (q _ l)qm-l _ 2 if j=h =q, 
where 6; is the corresponding intersection numbers of %(0+(2, q), V,). 
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3.7. O(2m + 1, q), q Odd 
The quadratic form associated with this group is 
Q(x) =2x*x* + * * . + zr~-*X2m +x;,+*, vx E I&+,. 
Case 0(1, q). Notice that 0(1, q), q odd, is the cyclic group of order 2 and the 
character table of the corresponding association scheme %(O(l, q), V,) has already 
been found in Section 1 (Corollary 1). However, because we want to show the relation 
between the intersection numbers of this association scheme and the intersection 
numbers of the association scheme X(O(2m + 1, q), V2m+I), m 3 1, and use this 
relation to find the character table of %‘(0(2m + 1, q), Vtn+J, we write the intersec- 
tion numbers of %‘(O(l, q), VI) in the form of another expression. 
The association scheme Z?(O( 1, q), V,) is of class (q - 1)/2 with valencies 
i;, = 
1 
1 if i=O 
2 otherwise. 
The intersection numbers Et are 
E& = Sib ; 
for 1s i S (q - 1)/2, 
Ei * 6, ifh=O 
t; = 6ij if;=0 
1 if 1 sj, h s (q - 1)/2 and 02’ = (wi f &)2 
0 if 1 ~j, h s (q - 1)/2 and w2j # (0’ f c~*)~. 
Cuse O(2m + 1, q), m 2 1. We need the following formula for calculating the 
intersection numbers in this case. 
Let a, b, c E GF(q), q odd, a, b #O. Then 
2Y*Y2+YS=a 
byI + 2y2 = 2c 1 
ifab-c2=0 
if ab - c2 # 0. 
PROOF OF (9). By eliminating y2 in the first equation in N[- * -1, we obtain 
which is equal to 
(9) 
Then, considering the two cases ab - c2 = 0 and ab - c2 # 0 separately, we have the 
formula. 
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Now the association scheme Z(O(2m + 1, q), Vzm+,), m 2 1, is of class q with 
valencies 
1 
1 ifi=O 
2m+qm 
ki= ‘*,,, 
if 1 S i C (q - 1)/2 
4 -qm if(q+1)/2SiCq-1 
4 
2m -1 if i = q. 
The intersection numbers ct are 
for 1 S i S (q - 1)/2, 
ki . 6, 
I 
ifh=O 
4h ifj=O 
2m-1 + 6,q” 
ch, = :q- - l)(q”-’ + 1) 
ifh=q,l<jcq 
ifj=q,h=i 
‘I 
4 
h-1 
-4 
m-l ifj=q,lChS(q-1)/2,h#i 
(4 zm-l- q”-‘) + qm . E; if 1 S j, h s (q - 1)/2 
4 
h-1 
-4 
m-1 if(q+1)/2GjCq-l,lGh<(q-1)/2 
9 2m-1 + qm-’ if 1 ~j s q, (q + 1)/2 s h s q - 1; 
for(q+1)/2SiSq-1, 
ki . 6, ifh=O 
4h ifj=O 
h-1 - &q” 
;q- + l)(q”_’ - 1) 
ifh=q,lcj<q 
ifj=q,h=i 
4 2n-1 + qm-’ ifj=q,(q+1)/2sh=sq_l,h#i 
(4 
h-1 + qm-l) _ qm .$ if (q + 1)/2 C j, h s q - 1 
4 zm-l + qm-’ if (q + 1)/2 c h c q - 1, 1 S j s (q - 1)/2 
h-1 
p -qm-’ if 1 c j s q, 1 c h c (q - 1)/2, 
ifh=O 
ifj=O 
if 1 s h =S (q - 1)/2, j = h 
if lShC(q-1)/2, l<j<q-l,j#h 
h cqi (q”_’ - l)(q” + 1) 
I 
if(q+1)/2<h<q-l,j=h 
4 2m-1 + qm-’ if (q+1)26hsq-1, lsjcq-l,j#h 
4 2n-1 ifh=q,lCjGq-1 
4 h-I-2 ifj=h=q, 
where 15: is the corresponding intersection numbers of Z(O(1, q), V,), q odd. 
REMARK. We used (10) in the calculation of the intersection numbers c$ for 
1<i~q-1,1<j<(q-1)/2~h~q-1andc$jfor lsjsq-l,(q+1)/2sh<q-1. 
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3.8. G = O(2m + 1, q), q Even 
Throughout this subsection, we assume q = 2’. 
The quadratic form associated with this group is 
Cuse 0(1, q). This group is the identity group and therefore a subgroup of the Singer 
cyclic group Z(1, q). Hence the association scheme a”(O(1, q), V,) is of class q - 1 
with valencies 1, and its character table is as shown in Corollary of Section 1. 
The intersection numbers E$, for 1 G i, j, h G q - 1, are 
$= 1 ifo’+J+&=O 
0 otherwise. 
Case O(2m + 1, q), m 5 1. The association scheme %(0(2m + 1, q), Vzm+,), m a 
1, is of 2q - 1 with valencies 
ki = 
1 
1 ifO<i<q-1 
q&-l ifq<i<2q-1. 
Let ct be the intersection numbers of this association scheme and Ci = (c”,) be the 
intersection matrices. We shall find the intersection matrices Ci, 1~ i s q - 1, in the 
following and omit the procedures of finding the remaining intersection matrices 
because similar methods are applied. 
We divide into two steps, (A) and (B). Let Vzm+, = v I VI, as in Section 3.l(iii). 
(A) lqhsq-1. Fix x=(0,. . . ,O,.X,,+,)E&,(~) (see Section 3.1 for the orbits 
A,(O) of O(2m + 1, q) acting on V,,, and the classes Ai of this assocation scheme). 
Thus x;~,,~ = mh. Then 
ct= I{Y E Vti+rl (0, Y) E 4 and (y, x) E Aji>l 
= I{Y E VZ~+J (0, Y) E Ai and (0, x + Y) E Ai>l. 
Since lGi<q-1, there is a unique YEV~,,,+~ such that (0, y) E A;. Furthermore, 
y~f/l. Hence x+y~V’ and (O,x+y)eAj, for some O<j<q-1. If i=h, then x=y 
and (O,x+y)=(0,0)~& If i#h, then Q(x+y)=o’+&#O, so (O,x+y)eAj, 
whereo’+&=LOiandl<j<q-l.ThusforlGi,h<q-l,wehave 
1 if i=h and j=O 
elf= 1 
i 
ifi#h,l<jGq-lando’+Wh=& 
0 otherwise. 
(B) q%hG2q-1. Write h=q+h’, where Och’cq-1. Fix x= 
(0, , * . , 0, 1, xzm+,) E A,(O). Then 
c:+~‘= I{Y E Vh+,l (0, y) E Ai and (y, X) E Aj}l. 
Since l<i<q-1, there is an unique y E A such that (0, y) E Ai. Also y = 
(0, . . 7 0, YZm+l ) E VI. But x E Vk+,\V’, so x + y E V.+,\V’ and (0, x + y) E A, for 
some q <j s 2q - 1. Write j = q +j’, where 0 cj’ <q - 1. We determine this j, or 
equivalently j’, in the following. 
If h=q, then take x=(0 ,..-, O,l,O). Then x+y=(O ,..., 0,1,y2m+l), and 
Q(x+y)=y&n+,= a’. So (0, x + y) E A,,,. Thus for 1 G i s q - 1, 
c$ = 
1 ifj=q+i 
0 otherwise. 
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If h=q+h’, where lCh’6q-1, then take x=(O,...,0,1,~~~+~) such that 
x;,+* = Wh’. So x+y=(O,...,O,l,~,+,+y~+J and Q(x+y)=&+,+y$,+,= 
cl.+  Wh’, Thus if i=h’, then (0,x+y)~A~. If ifh’, then (O,X+~)EL$+,,, where 
w’+fUh’+Wi’, l<j’Sq-1. so 
1 
1 if h’=O, j’= 1 
cy+h’ - 1 
ifh’=i,j’=O 
q+j’ - 
1 if wi + Wh’ + 09’ = 0 
0 otherwise. 
In terms of intersection matrices we have, for 1 c i s q - 1, 
cj = 
c, 0 I 1 0 cii’ 
where ci is the corresponding intersection matrix of %(O(l, q), VJ, q even. 
The other intersection matrices of %‘(0(2m + 1, q), Vzm+J, m b 1, are 
[ 
0 
G= (q+‘_l).~q 
4 I q”“-‘.Jq_2.zq ’ 
[ 0 Cq+i' = (42” - 1) . Ci, q2”-’ .:; - &, 1 ’ for lsi’sq-1, 
where Z, is the identity matrix of order q and Jq is the all-l matrix of order q. 
3.9. P(O*(2m, q), V,,), q Odd 
If we assume the character table of Z(O-(2, q), V,) to be 
then direct computations show that the (q + 1) X (q + 1) matrix 
. . . qh-l + p--lq2m-1 _ tq 
4 m--l . Pi(j) 
4 
m-1 . . . 
is the character table of Z(O-(2~2, q), V,), for m 2 2. 
We next determine the character table of %‘(0+(2, q), V,). Because of the character 
table of L%‘(O-(2, q), V2) we have 
q--l 
q-1 
1 + C pj(h) = 0, for lshsq-1, 
j=l 
1+ lzl g(Dij/lPl(h) = -Pj(h)p~(h), forlci,j,hcq-l,i#j, 
q--l 
1 + C ~(~~~,)P,(h) = -Pi(h) for l<i,hsq-1. 
I=1 
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Using these equalities, we can prove that the character table of %(0+(2, q), V,) is 
1 q_l . . . 
1 -jQl) ** * 
P(o+(z q), 6) = i i 
1 -&(q - 1) ... -jT,_,(q -1) 
1 -1 . . . 
Now, using arguments imilar to those that we used for finding the character table of 
12”(0+(2, q), V,), by considering the character table of Z(O-(23 q), V2,,,), we can 
show that the character table of %?(0+(2m, q), V,,), m 3 2, is 
P(O+(2m, q), LJ 
= 
1 
1 
1 
L 
‘1 q2”-l _qm-’ . . . 4 
2??%-1 m-l -q q2”-’ + (q - l)qrn-’ - 
-B m-1 
-q m-1 -1 
-P’Pi(j) 
m-1 -q -1 
m-1 -q -1 
m-l . . . -4 (q - l)q”_’ - 1 
where pi(j), 1 =S i, j 6 q - 1, are the corresponding entries in P(O-(2, q), V,). 
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